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1. Introduction

A leak from a water supply pipe system generally generates noise, which can be used to detect and locate the leak. To
achieve this the basic cross-correlation (BCC) technique is commonly used to estimate the time delay between two
acoustic/vibration signals measured either side of the leak [1-3]. Although useful in many practical situations, it has proved
to be problematic in plastic pipes, since the acoustic signals in these pipes are heavily attenuated, generally narrow-band
and of low frequency [4,5].

Gao et al. [6] has investigated this phenomenon by incorporating an analytical model of wave propagation in
water-filled plastic pipes into the cross-correlation function. They subsequently used this model to examine a range of
cross-correlation methods (generalised cross-correlation (GCC) functions) for leak detection [7], first investigated by Knapp
and Carter [8]. However, they assumed that the pipe was infinite in length, i.e., no reflections occurred in the pipe, which is
often not the case in practice. Frequently, waves generated by a leak reverberate around the pipe network due to features
such as changes in section, and the presence of valves and pipe junctions [9]. As a result, waves incident on these features
can experience reflection (some energy of the wave is reflected), absorption (the amplitude of the wave is attenuated) and
transmission (the wave is transmitted past the feature). The presence of reflections are highly undesirable from the
perspective of leak detection, as they introduce peaks in the cross-correlation function in addition to the peak
corresponding to the true time delay resulting from the propagating leak noise. This sometimes makes it difficult to
interpret the cross-correlation function as demonstrated in this paper.
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Previous work by the authors [7] has shown that GCC methods offer a potential improvement over the BCC
method in the application of water leak detection. For example, the analytical model of the cross-correlation function of
leak signals in plastic pipes developed by Gao et al. [7,10] shows that a plastic pipe essentially acts as an acoustic
low-pass filter, which degrades the estimation of the time delay. The filtering properties of the pipe can, to some
extent, be compensated for by pre-whitening the signals prior to calculating the cross-correlation function. For
instance, the PHAT method “flattens” the modulus of the CSD spectrum and thus effectively only transforms the phase of
the CSD spectrum between the leak signals measured at two locations into the time domain cross-correlation
function [7]. In the absence of reflections, the phase spectrum has a constant gradient, so the corresponding correlation
function for signals with infinite frequency bandwidth is a delta function. In practical situations, however, the estimate of
the actual time delay is corrupted due to the existence of background noise and the filtering effect of the pipe on the phase
spectrum.

The entire process of wave propagation in pipes can be modelled using various simulation approaches,
including the method of characteristics [11,12], bond graph modelling [13], modal analysis [14] and the transmission
modelling technique [15-17]. Although these methods are commonly used to model waves in pipeline networks,
in this paper an approach using transmission and reflection coefficients is used to model discontinuities
in the pipe.

The aim of this paper is to quantify the effects of reflections in a water-filled pipe on the cross-correlation function. It
builds on previous work by the authors, which assumed that the pipe was infinitely long so that reflections do not occur.
In this work a more realistic model is used, which includes reflections and then shows how the reflections affect the
cross-correlation function. The paper then proceeds to examine the use of the GCC phase transform (GCC PHAT) as a means
of suppressing the additional peaks in the cross-correlation function.

To illustrate the effect of reflections on the cross-correlation function, analysis is carried out for the simple case of a pipe
with two discontinuities. The effect of reflections on time delay estimation is studied for both the basic cross-correlation
(BCC) and the GCC PHAT. Theoretical predictions, based on a simple pipe model with reflections, are compared to the BCC
and GCC PHAT calculated from test data obtained from buried PVC water pipes.

2. Overview of leak detection using cross-correlation methods

The authors have published several papers on leak detection in buried plastic pipes [6,7,10,18] using acoustic methods,
and the reader is referred to these for detailed information on the general principles of leak detection and the factors which
affect it. In this section only a brief overview is given. Any reflections due to discontinuities in the pipe are initially
considered to be negligible.

To determine the position of a leak in water distribution pipes, vibration or acoustic signals are measured at two
access points using sensors such as accelerometers or hydrophones, either side of the location of a suspected leak,
as shown in Fig. 1. If a leak exists, a distinct peak may be found in the cross-correlation of the two signals x1(t)
and x, (). This gives an estimate of the time delay T that corresponds to the difference in arrival times between the leak
signals at each sensor. The relationship between the time delay and the distances d; and d, between the leak and the
sensors is given by

di —dy

T =
0 c

(1)

where c is propagation speed of the leak noise in the buried pipe. The time delay is determined by calculating the time at
which the weighted cross-correlation function of the leak noise signals given by [6]
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Fig. 1. Schematic of a pipe with a leak bracketed by two sensors.
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Fig. 2. Wave propagation and reflection in a pipe with two in-bracket discontinuities.

is a maximum, where F~1{.} denotes the inverse Fourier transform; Sx;x, (w) is the cross-spectral density (CSD) between the
measured acoustic signals, Yg(w) is the weighting function that depends on the type of correlator employed and w is
circular frequency. The effects of several different weighting functions on the cross-correlation function, in the context of
leak detection, have been discussed in Ref. [7]. When¥g(w) = 1, the GCC methods all reduce to the BCC method. In practice,
only an estimate of the cross-correlation function can be obtained since it is derived from finite time observations of x(t)
and x,(t).

3. A model of the cross-correlation function including wave reflections

To investigate the effect of reflections on the correlation technique, two discontinuities are considered, at
distances Il; and I, from the sensors, as shown in Fig. 2. Although the case considered here consists of discontinuities
between the leak and the sensor (in-bracket discontinuities), the conclusions drawn are also applicable to out-of-
bracket discontinuities. At each sensor location d; and d,, there are two types of propagating/reflected waves including
the primary propagating/reflected waves and subsequent secondary propagating/reflected waves. The pipe is
assumed to be of infinite length, and the acoustic pressure can be considered to be uniform across the cross-section
and is given by [7]

p(x) = Po(w)e k¥, 3)

where x is the distance between the leak and sensor signals; Pg(w) is the amplitude of the acoustic pressure at the leak
location at x =0 and k = w/c(1 —in/2) where 7 is the loss factor in the buried pipe and c is the wave speed. In the
frequency domain, the primary propagating/reflected waves are P;e~ik41 at distance d; and Pze*”“”2 at distance d,, where

Pye=ikdi — ¢, py(aye=ikdt 1 1yt Po(ew)e—ikdi+2d2-2E) (4)
and
Pye % — tyPo(w)e % 4 11, Py(w)e K2 t2hi=2h), (3)

respectively. Here t; and t, are pressure transmission coefficients, and r; and r, are pressure reflection coefficients at
discontinuities 1 and 2, respectively, which can be complex and frequency dependent. The subsequent secondary
propagating/reflected waves P, eikd1 at distance d; and Ps,eik%2 at distance d, are determined by the repeated
multiplication of these terms by ryr,e~1k2@=) where d = d; +d, and I = I; + L.

The total acoustic pressure at distances d; and d, can be obtained by repeating this process indefinitely, and is thus
given by

. . . . 0 .
p(w,dy) =Py e—ikd; + Ps1 e—ikdy _ t Po(w)e_lkd] 1+ rze—1k2(d2—lz)} Z(r] rz)ne—1k2n(d—l)v (6)
n=0
and
. . . . o) .
p(w,dy) = Pze_lkdz + P52 e—ikdy _ tzpo(a))e_lkdz 1+ e—1k2(d]—ll)} Z(r] rz)ne—1k2n(d—l)‘ (7)
n=0

respectively. From Eq. (6), the frequency response function H(w, d;) between the leak and sensor signal 1 is given by
Hw, dy) = p(w,dy) — teikdi (] 4 pye-ik2d D)y Z(rl ry)eik2n(@-D, (8)
Po(w) =
Since |ryrpe~1k2(d=D| <1, the summation of the series S o(ry15)"e~*2nd-D js gjven by
[e2]
1

—ik2n(d—l) _
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652 Y. Gao et al. / Journal of Sound and Vibration 325 (2009) 649-663

Therefore, Eq. (8) can be written as

tye—ikdi (1 4 rye-ik2(da—1)

H(CO, dl) = 1_ r rze_ik2(d_l) (10)
Similarly the frequency response function H(w, d;) between the leak and sensor signal 2 is given by
—ikd —ik2(dq—1y)
H(a),dz):tze 2{1+rqe 1=l an

1 - ryrye-ik2@d-D
For two signals x1(t) and x,(t) measured at positions x = d; and ds, the CSD Sy, x,(®) is given by
Sxyx, (W) = H*(w, dy)H(w, d3)Sy(w), (12)

where * denotes conjugation; Sy(w) is the auto-spectral density (ASD) of the acoustic pressure generated by the leak signal
I(t) measured at the leak location.
Substituting the frequency response functions H(w,d;) and H(w, dy) given by Egs. (10) and (11) into Eq. (12) gives

Stpea(@) = LEUOED) g gyelTot o), (13)
where
To=(dy —dy)/c;
JA()|e1@ = 1 ¢ e e—i02(di—l)/ca-on(d—l)/c | rzeiﬂ)z(dz—lz)/Ce—wn(dz—lz)/c i rzein(Ad—Al)/ce—wn(d—l)/c'
B(®) = |1 — ryrye1®2(d-/ce-on2d-/c2.
and

C(C&)) — efwn(d2+d1 )/26.

Here Ad = d, — d; and Al =1, — I;. Since multiplication in one domain is a convolution in the transformed domain, the
cross-correlation function Ry, x,(7) is given by

Ry, (1) = F~ 1 {Sxyx, (@)} = t165Ry(0) @ c(1) © b~ (1) ® a(1) ® 3(t + Tp), (14)

where ® denotes convolution; Ry(t) = F‘l{S,,(w)} is the auto-correlation function of the leak signal;. c(t) = F~1{C(w)};
b‘l('c) = F1{1/B(w)}; a(t) = F"1{A(®)}; (1) is the Dirac delta function. The corresponding phase spectrum that is related
to the time shift experienced by the signals as they propagate along the pipe, is given by

Dy, x, (@) = Arg(Sx,x, ()} = WTg + P(w). (15)
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Fig. 3. The BCC function of the two pressure signals normalised to the maximum value, with a frequency bandwidth of 0-250Hz. Solid black line:

1 = 0.22 and dotted red line: # = 0.022. There are no discontinuities in the pipe: d; =76.7m, d, = 32.8 m and ¢ = 479 ms~". (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
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Note that the term ¢(w) is generally a nonlinear function of frequency so that the presence of reflections, as described by
the term A(w), causes the phase spectrum to deviate from the linear phase spectrum wT, that would be present if
reflections were absent.

4. Effects of reflections on the cross-correlation function

Before considering the effects of reflections it is helpful to review the filtering effects of the pipe and the effects of any
band pass filtering on the cross-correlation function. It has been shown in previous work [7] that there is a peak in the
cross correlation function corresponding to the time delay resulting from the propagating leak signals despite the
spreading phenomenon caused by the leak spectrum and the nature of wave propagation along the pipes. This is
demonstrated in Fig. 3, which shows the difference in the basic cross-correlation function, for a high level of damping in the
pipe of # = 0.22 and a relatively low damping level of # = 0.022, in an infinite pipe. The first of these values was chosen as
it corresponds to the loss factor used in Ref. [6], and the second value was chosen as it is an order of magnitude less, and
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Fig. 4. The BCC function of the two pressure signals normalised to the maximum value. (a) # = 0.22 and (b) # = 0.022. Solid black line: frequency
bandwidth of 5-250Hz and dashed red line: frequency bandwidth of 5-50Hz. There are no discontinuities in the pipe: d; =76.7 m, d» = 32.8 m and
c =479 ms™". (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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represents relatively light damping. The distances chosen for the simulation of d; =76.7 m, d; = 32.8 m and wave speed
¢ =479ms™" also correspond to the values used in Ref. [6] and are related to the experimental work discussed later in this
paper. Fig. 4 demonstrates the effect of band pass filtering the signals prior to calculating the cross-correlation function. It
can be seen that the effect of band-pass filtering is to introduce a ripple into the cross-correlation function, but the degree
of ripple is dependent on the damping in the pipe and the bandwidth. Damping in the pipe-wall causes the leak noise to
attenuate with both distance and frequency. The attenuation in dB/m along the pipe is given by [19]

20(wn/2c)

Attenuation (dB/m) = n10) (16)

35 T
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Fig. 5. Attenuation of leak noise along the pipe as a function of frequency, c = 479 ms~". Solid green line: 5 = 0.22 and dashed blue line: 5 = 0.022. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Fig. 6. The BCC function of the two pressure signals in the frequency range 5-250Hz normalised to the maximum value for a pipe with reflecting
terminations at the sensor positions. Solid black line: # = 0.22 and dashed red line: # = 0.022: d; =76.7m, d, =32.8m and c=479ms™ ' I; =L =0,

r1 = 1, = 1. Primary reflections are given by A(w) and the secondary reflections by B(w) in Eq. (13). (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
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This is plotted in Fig. 5 for two values of the loss factor, # = 0.22 and 0.022. It can be seen that the loss factor has a
significant influence on the attenuation of the leak noise. For example, when the loss factor is 1 = 0.22, at 250Hz the
attenuation at d; = 76.7m is 237dB and at d, = 32.8 m it is 101 dB; at a frequency of 50Hz the attenuation is 47 dB at
d; = 76.7m and 20dB at d, = 32.8 m. Thus, when the damping in the pipe is high, 1 = 0.22, the upper cut-off frequencies
of 50 and 250 Hz have a negligible effect on the BCC shown in Fig. 4a. When the loss factor is relatively low, # = 0.022, at a
frequency of 250 Hz the attenuation is about 24 and 10dB at d; and d-, respectively. At a frequency of 50 Hz this changes to
about 5 and 2 dB at d; and d,, respectively. Thus, when the damping is lower, # = 0.022, the high frequency cut-off values of
50 and 250 Hz for the band pass filter have some effect as shown in Fig. 4b.

When reflections occur, the cross-correlation function changes further. This is caused by the existence of the primary
propagating/reflected waves given by A(w) and subsequent secondary propagating/reflected waves represented by B(w) in
Eq. (13). The level of contributions of the spurious peaks to the correlation function depends on the magnitude of the
reflections ry, 15, and the locations of the sensors and discontinuities. The effect of reflections on the cross-correlation
function is complicated, since both the modulus and phase spectra are affected by the discontinuities. For two values of
damping, 7 = 0.22 and 0.022, and for lossless, reflecting discontinuities at the sensor positions, the BCC function is plotted
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Fig. 7. Unwrapped phase of the cross-spectrum of the two pressure signals corresponding to the cross-correlation function shown in Fig. 6: (a) # = 0.22
and (b) 7 =0.022.d; =76.7m,d, =328mand c=479ms L, 1 =, =0,r;=rp,=1.
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in Fig. 6. The peak due to the leak noise, which occurs because of wave propagation with no reflections at 7 = —Ty, is
marked in the figure as are the peaks due to the primary reflections (t = —Tg + 2(dy — l)/c, T = —Tg — 2(dy — l3)/cand T =
—To — 2(Ad — Al)/c) and secondary reflections. It can be seen that when damping is light (or if the measurement positions
and discontinuities are close to the leak), the primary reflections result in a BCC which is difficult to interpret with respect
to leak detection.

It has been shown by the authors [7] that the PHAT GCC function is effective in suppressing the additional peaks that are
found in the BCC. In the remainder of this paper the reason why this is so is investigated. In Ref. [18] the relationship
between the cross-spectrum and the time delay estimated by the cross-correlation function was determined. It was shown
that the BCC effectively minimises the weighted mean square error between the estimated phase and the actual phase
corresponding to the true time delay, where the weighting function is the modulus of the CSD. The way in which
the damping affects the unwrapped phase of the CSD is shown in Fig. 7, which corresponds to the pipe system analysed in
Fig. 6. The deviations from a straight line are due to reflections. It can be seen that in the highly damped case, 1 = 0.22,
phase deviations are only prominent at low frequencies, and when the damping is higher, # = 0.022, the deviations are
more pronounced and appear over a wider frequency range, due to the reflections. As well as these deviations in phase (from
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Fig. 8. Modified modulus of the cross-spectrum of the pressure signals corresponding to the phase spectrum in Fig. 7(a); # = 0.22, d; =76.7m,
dy=328m,c=479ms I =, =0, =1, = 1. (a) BCC, (b) primary reflections removed, (c) secondary reflections removed, (d) filtering effect of pipe
removed, (e) divided by the modulus of the cross-spectrum.
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that due directly from the leak noise (no reflections), the modulus of the CSD is also affected, as mentioned above. The effects of
change of the modulus, and hence the weighting of the phase [18] due to the effects listed below are now investigated:

(a) primary reflections,
(b) secondary reflections and
(c) filtering effects of the pipe.

In Fig. 8, the various components of the modulus of the CSD are plotted corresponding to the phase in Fig. 7a. Fig. 8a
shows the modulus of the CSD with effects (a), (b) and (c) included. The effects due to the reflections are evident
at low frequencies, and the attenuation in the modulus as frequency increases due to the damping in the pipe
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Fig. 9. Cross-correlation functions corresponding to the cross-spectra in Figs. 8 and 7(a) (normalised to the maximum value).
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Fig. 10. Modified modulus of the cross-spectrum of the pressure signals corresponding to the phase spectrum in Fig. 7(b); # = 0.022, d; =76.7 m,
dy=328m,c=479ms" ., I =1, =0, 1, =, = 1. (a) BCC, (b) primary reflections removed, (c) secondary reflections removed, (d) filtering effect of pipe
removed, (e) primary and secondary reflections removed, (f) divided by the modulus of the cross-spectrum.

is also evident. Figs. 8b and ¢ show the modulus of the CSD with primary and secondary reflections removed,
respectively, and Fig. 8d shows the modulus with the pipe filtering effect removed (C(w) in Eq. (13)). Finally,
Fig. 8e shows the modulus with all the effects removed as it would be with the GCC PHAT. Fig. 9a-e shows
the cross-correlation functions corresponding to the moduli given in Fig. 8a-e and the phase spectrum given in
Fig. 7a.

Examining Fig. 9 it is clear that removal of the filtering effects of the pipe is the dominant factor in the GCC PHAT for the
highly damped pipe. This is evident by comparing Fig. 9d and e where it can be seen that there is little difference between
the two cross-correlation functions and the peaks due to the reflections are largely suppressed.

Figs. 10 and 11 give the corresponding graphs for the moduli and cross-correlation functions for the same
system but with light damping, # = 0.022. The corresponding phase spectrum is plotted in Fig. 7b. It is evident
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in this case that it is the primary and secondary reflections, rather than the low-pass filtering effect of the pipe that governs
the suppression of the additional peaks by the GCC PHAT. This is because the filtering effect of the pipe is weak over the
frequency bandwidth for which the analysis is conducted, and this is due to the light damping in the pipe and hence low

wave attenuation.

5. Experimental results

The BCC and PHAT time delay estimators discussed in this paper were tested on experimental data measured at a
specially constructed leak-detection facility located at a National Research Council site in Canada, a plan of which is shown



660 Y. Gao et al. / Journal of Sound and Vibration 325 (2009) 649-663

¢
ELECTRICAL FOR™ T @

) COOLING TOWER

HYD f34

Test Hydrant ®
(upstream)

ENLARGEMENT
OF LEAK AREA

Test Hydrant @
(downstream)

>
@ &
o
@&Q‘
IS
$ $
K3 (A
i J S.R.: Sounding Rod — 3/4 inch copper
2 pipe service connection
[—1 All distances w.r.t. shut-off vatve 1 m
ﬂ = Upstream from Test Hydrant ©

Fig. 12. Plan view of the experimental leak detection facility at the NRC, Canada [5].

in Fig. 12. The description of the test site and measurement procedures are detailed in Ref. [5]. Noise from a leaky joint was
measured using hydrophones. Photographs showing the risers and hydrants connected to the main buried pipe are shown
in Fig. 13a and b. The lengths of the riser upstream and downstream of the leak were 3.2 and 3.7 m, respectively. The
distance between the two risers was 102.6 m, and the distance of the upstream riser from the leak was 73.5 m. Thus, in the
simulations of the cross-correlation functions presented in this section (as in the previous sections), the distance d; was
taken to be 78.5 m and the distance d, was 32.8 m. It was also assumed that there were perfectly reflecting terminations at
the sensor positions, i.e. [{ =, =0, 1 =1, = 1.

In the experiment, the hydrophone-measured signals were each passed through an anti-aliasing filter with the cut-off
frequency set at 200Hz and sampled at a frequency of 500 samples/s. The time series were of 66-s duration.

The BCC calculated from the experimental data is shown in Fig. 14a. The corresponding simulation is shown in Fig. 14b.
In the simulations, the damping in the pipe was adjusted to a value of 0.043, as this gave the best fit to the experimental
results. Although the pipe system at the test-site was quite complicated in that there were bends and valves etc, the
correlation predictions obtained using the relatively simple model described in Section 3 are in good agreement with the
experimentally measured correlation function. The degree of agreement between prediction and experiment makes clear
that the additional peaks in the cross-correlation function were due to reflections in the pipe.

The GCC PHAT was also calculated from the measured data and this is shown in Fig. 14c and the corresponding
simulation in Fig. 14d. The removal of spurious reflection-related peaks by the use of this correlator can clearly be seen. The
time delay due to the leak is now much more discernible.

6. Conclusions

The effect of reflections on the correlation technique for leak detection in plastic water pipes has been investigated. A
model was developed of the correlation function including the pipe dynamics and the reflections due to discontinuities in
the pipe.

It has been shown that, when reflections occur, in addition to the main peak in the BCC corresponding to the true time
delay resulting from the propagating leak signals, there are several other spurious peaks. The phase of the CSD is governed
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Fig. 13. (a) Upstream and (b) downstream fire hydrants of the test facility shown in Fig. 12 before reinstatement [5].

by the primary propagating/reflected waves and the time difference between the leak noise arrival at the two sensors. The
primary and secondary reflections also have an effect on the modulus of the CSD as does the filtering effect of the pipe due
to the attenuation of the leak noise signal because of damping in the pipe-wall. The individual effects of the primary
reflections, secondary reflections and filtering effect of the pipe on the cross-correlation function have been investigated
and quantified. It has been shown that if the pipe has low damping or the distance from the sensors to the leak is small
then the reflections have a major influence on the cross-correlation function; if the damping is large or the distance from
the sensors to the leak is large then the filtering properties of the pipe have a much greater influence on the cross-
correlation function.

The theoretical predictions have been compared to hydrophone-measured data from actual water pipes, and it
has been clearly shown that the additional peaks in the BCC are due to reflections due to discontinuities in
the pipe. Moreover, it has been shown that by removing the effects of the reflections and the filtering properties of the
pipe from the modulus of the CSD, the additional peaks due to the reflections can be largely removed from the cross-
correlation function.
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Fig. 14. Comparison between predictions and experimental results: (a) BCC experiment; (b) BCC simulation; (c) PHAT experiment; and (d) PHAT
simulation. In both the simulations and the experiments the bandwidth was set to 5-50Hz. In the simulations # = 0.043, d; = 76.7m, d; =76.7m,
d»=328m,c=479ms ', I; =, =0, r; = 1> = 1. The cross correlation functions are normalised to their maximum values.
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